The number of dimer-monomers (matchings) of a graph G is an important graph parameter in statistical physics. Following recent research, we study the asymptotic behavior of the number of dimer-monomers m(G) on the Towers of Hanoi graphs and another variation of the Sierpiński graphs which is similar to the Towers of Hanoi graphs, and derive the recursion relations for the numbers of dimer-monomers. Upper and lower bounds for the entropy per site, defined as
Introduction
A classical model is the enumeration of the number of dimer-monomers m(G) on a graph G in statistical physics (known as dimer-monomer model; see [5, 6, 7, 20] ) and combinatorial chemistry (m(G) is the Hosoya index; see [8] ). In the dimer-monomer model of statistical physics, each diatomic molecule is regarded as a dimer which occupies two adjacent sites of the graph. The sites that are not covered by any dimers are considered as occupied by monomers. Since the general dimer-monomer problem was shown to be computationally intractable [13] , it is of interest to consider the enumeration of the number of dimermonomers for some classes of graphs, and it has already been investigated extensively for trees, hexagonal chains, grid graphs, and random graphs [1, 13, 14] .
Preliminaries
We first recall some basic definitions about graphs. A graph G = (V, E) with vertex set V and edge set E is always supposed to be undirected, without loops or multiple edges. Two vertices (sites) x and y are adjacent if xy is an edge (bond) in E. Let On the analysis of large systems of recurrences, we will see that the limit exists for the Towers of Hanoi graphs and another variation of the Sierpiński graphs considered in this paper.
There are many different approaches to construct self-similar graphs. A construction that is specifically geared to be used in the context of enumeration was described in [17] , it is no restated and we will also make use of it here. Some examples can be seen in [17, 19] .
Example 1. The Tower of Hanoi graph, invented in 1883 by the French mathematician
Edouard Lucas, has become a classic example in the analysis of algorithms and discrete mathematical structures [2, 4, 9, 10, 11, 12, 15, 16] . It is a self-similar graph and a slightly modified version of the Sierpiński graphs, see Figure 1 . The vertices of the graph H k in this sequence correspond to all possible configurations of the game Towers of Hanoi with k + 1 disks and three rods, whereas the edges describe transitions between configurations.
The Tower of Hanoi graphs can be constructed following recursive-modular method. For n = 0, H 0 is the complete graph K 3 (i.e., a 3-clique or triangle). For n ≥ 1, H n is obtained from three graphs H n−1 by connecting them with three new edges. and e(X n ) = 5×3 n+1 −9 2
. Teufl and Wagner [19] established a relation between the asymptotic growth of the number of spanning trees and so-called (resistance) renormalization on X n .
The first three graphs X 0 , X 1 , X 2 and the construction of X n .
3 The number of Dimer-monomers on H n In this section, we shall derive the recursion relations and the entropy per site for the number of dimer-monomers on the Tower of Hanoi graph H n in detail. Figure 3 : Illustration for the configurations x n , y n , z n , w n and S n , R n , T n , P n , where each open (solid) circle is occupied by a monomer (dimer), and each empty squre is occupied by either a monomer or a dimer.
For the Tower of Hanoi graph H n , m n is its number of dimer-monomers, x n is its number of dimer-monomers such that all three outmost vertices are occupied by monomers, y n is its number of dimer-monomers such that only one specified vertex of three outmost vertices is occupied by a dimer and the other two outmost vertices are occupied by monomers, z n is its number of dimer-monomers such that exact two specified vertices of the three outmost vertices are occupied by dimers and the other one is occupied by a monomer, w n is its number of dimer-monomers such that all three outmost vertices are occupied by dimers. They are illustrated in Figure 3 , where only the outmost vertices are shown and a solid circle is occupied by a dimer and an open circle is occupied by a monomer. Because of rotational symmetry, there are three possible y n and three possible z n such that m n = x n + 3y n + 3z n + w n and x 0 = 1,
Thus, we have reduced the problem of determining m n to finding the four quantities x n , y n , z n and w n , which is the theme of what follows. To find these intermediate variables,
we define four additional quantities S n , R n , T n and P n , see Figure 3 . Let S n be the number of dimer-monomer arrangements on H n such that one outmost vertex is occupied by either a monomer or a dimer while the other two outmost vertices are occupied by monomers. Similarly, one can define the quantities R n , T n and P n . By definitions, we have S n = x n + y n , R n = y n + z n , T n = x n + 2y n + z n and P n = y n + 2z n + w n . Lemma 1. For any positive integer n,
z n+1 =8x n y 2 n + 16x n y n z n + 4x n y n w n + 10x n z 2 n + 6x n z n w n + x n w 2 n + 8y
2 n w n + 20y n z 2 n + 12y n z n w n + 2y n w 2 n + 5z
with the initial values x 1 = 18, y 1 = 16, z 1 = 15 and w 1 = 14 at stage n = 1. .The multiplication of three on the righthand-side corresponds to the three possible orientations of H n+1 . Here, we just present the status of three copies of graph H n , which contributed to H n+1 , and the two terminal vertices of new adding edge are omit, when it occupied by two dimers(i.e.the edge is covered by a matching), we use a red line instead, otherwise, a gray line.
Similarly, the expressions of y n+1 , z n+1 and w n+1 can be obtained with appropriate configurations of its three H n as illustrated in Figures 5-7 . In the following, we will estimate the value µ G = lim v→∞
of the entropy for the Tower of Hanoi graph G = H n . The values of x n , y n , z n , w n for small n are listed in Table ×2 
where n is a positive integer. Their values for small n are listed in Table 2 . From the initial values of x n , y n , z n , w n , it is easy to see that x n > y n > z n > w n and it holds for all positive integer n proved easily by induction. It follows that α n , β n , γ n ∈ (0, 1).
Lemma 2. For any positive integer n(n ≥ 2), the ratios satisfy
When n increases, the ratio α n increases monotonically while γ n decreases monotonically.
The three ratios in the large n limit are equal to each other
Proof. By the definition of α n , β n , γ n , we have
for a positive integer n, where
n , B n = 8+8β n +2β n γ n +16α n +24α n β n +6α n β n γ n +6α n β 2 n +2α n β 2 n γ n +10α 2 n +20α 2 n β n + 5α 2 n β n γ n + 11α
In the following, we show that 1 2 < α n < β n < γ n < 1 by induction on n. It is true for n = 2, 3 from Table 2. Suppose that 1 2 < α n < β n < γ n < 1 for n ≥ 3.
Let ε n = α n − γ n . Then ε n > α n − β n , ε n > β n − γ n and ε n ∈ (0, 1 2 ). Now,
where
A n B n > α n {16 + 32α n + 16β n + 56α n β n + 28α n β 2 n + 44α since ε n > α n − β n and ε n > β n − γ n .
Similarly, we have
From (ii) and (iii), we can obtain that ε n+1 = γ n+1 − α n+1 < 2ε
for all positive integer n by induction. It follows that for any positive integer k ≤ n,
) for any positive integer k, we have that the values of α n , β n , γ n are close to each other when n becomes large. ✷ Numerically, we can find
From the lemmas above, we get the bounds for the number of dimer-monomers.
Lemma 3. For any positive integer k ≤ n,
Proof. By Lemmas 1 and 2 and the definition of α n , β n , γ n , we have
n−2 (β 2 n−2 + 2β n−2 + 2)
And m(H n ) =x n + 3y n + 3z n + w n = x n (1 + 3α n + 3α n β n + α n β n γ n )
Similarly, the lower bound for m(H n ) can be derived. ✷ Lemma 4. The entropy for the number of dimer-monomers in H n is bonded by .
Proof. Note that the number of vertices of H n is v(H n ) = 3 n+1 , by Lemma 3, we have
So, the bounds for µ H = lim v(Hn)→∞ ln m(Hn) v(Hn)
follow. ✷
As k increases, the difference between the upper and lower bounder in Lemma 4 becomes small and the convergence is rapid. The numerical value of µ H can be obtained with more than a hundred significant figures accurate when k is equal to seven. It is too lengthy to be included here and is available from the authors on request.
Proposition 5. The entropy per site for the number of dimer-monomers of the Hanoi
Tower graph H n in the large n limit is µ H = 0.5764643016505283756 · · · .
The number of Dimer-monomers on X n
In this section, we find that the method given in the previous section can be also applied to the number of dimer-monomers on another variation of the Sierpiński graphs X n , see Figure 2 . For X n , the numbers of vertices and edges are given by
There are three outmost vertices of X n with degree two,
vertices with degree six and 3(3 n − 1) vertices with degree four. The values of x n , y n , z n , w n on X n for small n are Table 3 , and also grow exponentially, without simple integer factorizations. The recursion relations are lengthy and given in the appendix. Similarly, for the sequences of the ratio defined in Eq.(5) on X n , {α n } ∞ n=1 increases monotonically and {γ n } ∞ n=1 decreases monotonically with 1/2 < α n < β n < γ n < 1, and the limits α n , β n , and γ n are equal to each other, the same as the results for H n in lemma 2. And the first few values of α n , β n , γ n for X n are listed in Table 4 .
By a similar argument as Lemma 4, the entropy for the number of dimer-monomers on X n is bounded by 2 ln x k + ln(α 2 n + 8α n + 8) + 2 ln(α
where k is a positive integer and µ X = lim v(Xn)→∞ ln m(Xn) v(Xn)
. The convergence of the upper and lower bounds remains rapid. More than a hundred significant figures for X n can be obtained when k is equal to six. We have the following proposition.
Proposition 6. The entropy per site for the number of dimer-monomers of the graph X n in the large n limit is µ X = 0.6719549820008285 · · · .
Appendix. Recursion relations for X n
We give the recursion relations for the graphs X n here. For any positive integer n, we have
2 n T n + 6S n T 2 n + 3x n S 2 n + 6x n S n T n + 6S 3 n + 6x 2 n S n + x 3 n = 32x 3 n + 96x 2 n y n + 24x 2 n z n + 108x n y 2 n + 60x n y n z n + 9x n z 2 n + 44y 3 n + 39y 2 n z n + 12y n z 2 n + z 3 n , y n+1 = T 2 n P n + 2S n R n T n + S 2 n P n + 2R n T 2 n + 2S n T n P n + 2S n T n P n + 2x n S n R n + y n S 2 n + 2x n R n T n + 2S 2 n R n + 2S 2 n R n + 2y n S n T n + 2x n S n P n + 2S n + 44z 
